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In this paper, we apply the dynamical analysis to a coupled phantom field with scaling potential
taking particular forms of the coupling (linear and combination of linear), and present phase space
analysis. We investigate if there exist late time accelerated scaling attractor that has the ratio of
dark energy and dark matter densities of the order one. We observe that the scrutinized couplings
cannot alleviate the coincidence problem, however acquire stable late time accelerated solutions. We
also discuss coupled tachyon field with inverse square potential assuming linear coupling.
I. INTRODUCTION
The late time cosmic acceleration is revealed by various observations [1–5]. A substantial efforts were
put by number of authors to explore the cause of cosmic acceleration, by introducing a new player with
negative pressure termed as dark energy (DE) [6]. Apart from dark energy, there are other theoretical
models, such as void models and Back-reaction, which all provide late time cosmic acceleration [7].
The simplest candidate of DE is the cosmological constant Λ with the equation of state w = −1.
However, it suffers two severe problems, such as cosmological constant (fine tuning) and coincidence
problems [8]. Though ΛCDM model is supported by the present observations, yet it has no satisfactory
argument for fine tuning and coincidence problems; why the vacuum energy is so small? why the densities
of DE and dark matter (DM) are nearly equal at present, while their time evolution is much different?
Therefore, one can explore the dynamical DE models that can fit into the observations. Such models
have been studied in the past few decades [9–21].
The simplest models of dynamical DE are scalar fields, dubbed as “quintessence”. If the quintessence
is coupled with the DM, then one can get similar energy densities in the dark sector at present. A
conclusive way is if the DE models have ΩDE/ΩDM of the order 1 and an accelerated scaling attractor
solution, then the coincidence problem can be alleviated. Therefore, to sort out the coincidence problem,
the interaction of DE with DM is one novel approach.
It has been found that the form of dark energy that dominates the present Universe could be a
phantom energy, quintessence or cosmological constant. The available cosmological data do not fix a
microscopic theory of dark energy. But the overall uncertainty is reflected by the existence of various
phenomenological models. To reduce the number of models one way is to consider only the ones that do
not violate any of the fundamental theories. The number can be further reduced by testing the models
against the cosmological data. Phantom field can be a source of dark energy and may arise from higher
order theories of gravity, for example, the Brans−Dicke and non-minimally coupled scalar field theories
[22, 23]. Recently, the dynamics of a coupled phantom field with dark matter has been discussed [24]. To
solve the long standing coincidence problem, we consider scalar fields (specifically phantom and tachyon)
as a dynamical dark energy interacting with dark matter by transferring energy between the two dark
components. For an exponential potential, the quantity λ = −V ′/κV , which corresponds to the relative
slope of the potential, is constant. Therefore, it is easy to study the stability of the stationary points in
the phase space [25].
In the literature, it has been proposed that rolling tachyon condensates, in a class of string theories, may
have important cosmological outcomes. Ashoke Sen [26] has shown that the decay of D-branes generates
a pressure-less gas having definite energy density that looks like classical dust. The equation of state of
a rolling tachyon lies between 0 and −1 [27, 28]. In this case, we consider inverse square potential for
which λ is constant, an analogue of exponential potential for standard scalar field. Coupling with matter
might lead to late time acceleration. Tachyon field also has implication for inflation, namely, tensor to
scalar ratio is very low in this case.
A dynamical system plays a central role in the understanding of the asymptotic behavior of the
cosmological models and belongs to the class of autonomous systems [25]. For an autonomous system,
the dimensionless set of variables are chosen due to a number of reasons.
(a) These variables give rise to a bounded dynamical system.
(b) They are well-behaved and regularly have a direct physical interpretation.
2(c) Due to a symmetry in the equations, the number of equations can be reduced and then resulting
simplified system is investigated. The brief analysis of the dynamical system is given in Appendix.
In this letter, we investigate the stationary points and their stability for coupled phantom and tachyon
fields. We apply dynamical system analysis to study the asymptotic behavior of the cosmological models
mentioned above. We consider the forms of coupling that is proportional to the time derivative of their
energy densities. The different forms of coupling have been studied in [29–34]. There also exist to studies
of the models without such particular forms of coupling [35]. The rest of the paper is organized as follows:
In Sect. II we discuss the coupled phantom dynamics and construct the autonomous system which is
useful for phase space analysis. In Sect. III we study phase space trajectories, and obtain stationary
points and their stabilities for different forms of coupling. The stationary points and their stabilities of
a tachyon field with the coupling Q = βρ˙φ is discussed in Sect. IV. We summarize our results in Sect.
V.
II. COUPLED PHANTOM DYNAMICS
In a spatially flat Universe, we consider two components, namely phantom field and matter (Bary-
onic+DM). The energy density of each component may not be conserved, although the total energy
density of the Universe is. Therefore, the conservation laws of energy can be written as
ρ˙m + 3H(ρm + pm) = Q,
ρ˙φ + 3H(ρφ + pφ) = −Q,
ρ˙tot + 3H(ρtot + ptot) = 0, (1)
where ρtot = ρφ + ρm and ptot = pφ + pm, and ρm, ρφ, pm and pφ are the energy densities and pressures
of matter (dust) and phantom filed, respectively. The coupling is through the function Q, and H denotes
the Hubble parameter.
The flow of energy between two components depends on the sign of Q. If Q > 0, the transfer of
energy takes place from phantom to matter, whereas for Q < 0 it occurs from matter to phantom. At
the present, several forms of Q have been investigated [36–44]. Following equation (1), it is clear that Q
should be a function of H , ρm and ρφ,
Q = Q(H, ρm, ρφ). (2)
In this Letter, we consider three particular forms of Q: αρ˙m, βρ˙φ and σ(ρ˙m + ρ˙φ). In these forms, H is
not directly involved, as it has the dimension of the inverse of time, and the latter is already present in
ρ˙i.
In a spatially flat Friedmann-Lemaitre-Robertson-Walker (FLRW) Universe, the evolution equations
are given by
H2 =
κ2
3
(ρm + ρφ)
2H˙ + 3H2 = −κ2pφ (3)
where κ2 = 8πG, ρφ = − 12 φ˙2 + V (φ) and pφ = − 12 φ˙2 − V (φ). To cast the evolution equations into an
autonomous system, we introduce the following dimensionless quantities,
x =
κφ˙√
6H
; y =
κ
√
V√
3H
; λ = − V
′
κV
(4)
Hence, we find
dx
dN
= x
(
φ¨
Hφ˙
− H˙
H2
)
dy
dN
= −y
(√
3
2
λx+
H˙
H2
)
(5)
where, N = ln a. For an exponential potential, we find that λ is constant, and
H˙
H2
=
3(x2 + y2 − 1)
2
(6)
φ¨
Hφ˙
= −3−
√
3/2
λy2
x
+
Q
Hφ˙2
(7)
3Then, the effective equation of state, the field density parameter and the equation of state for a phantom
field are given, respectively, by
weff = −1− 2H˙
3H2
Ωφ =
κ2ρφ
3H2
= −x2 + y2
wφ =
weff
Ωφ
(8)
For an accelerating Universe, we have weff < − 13 .
III. STATIONARY POINTS AND THEIR STABILITIES
To study stationary points and their stabilities, let us consider the autonomous system (5), from which
we can find the stationary points by setting the left-hand side of these equations to zero. Then, the signs
of the eigenvalues will tell us the stability of the points. In the following subsections, we consider different
forms of the coupling.
A. Coupling Q = αρ˙m
For this coupling, equation (7) takes the form,
φ¨
Hφ˙
= −3−
√
3/2
λy2
x
− 3αΩm
2(1− α)x2 (9)
where, Ωm = 1− Ωφ. Then, the autonomous system can be written as
dx
dN
= x
(
−3−
√
3/2
λy2
x
− 3αΩm
2(1− α)x2 −
3(x2 + y2 − 1)
2
)
dy
dN
= −y
(√
3
2
λx +
3(x2 + y2 − 1)
2
)
(10)
The critical points can be obtained by putting dxdN = 0 and
dy
dN = 0, simultaneously. Therefore, we have
the following stationary points:
(1) x = −
√
α
α−1 , y = 0. In this case, the corresponding eigenvalues are,
µ1 = −6− 3
α− 1 < 0, for α > 1,
µ2 =
−3 +
√
6α(α− 1) λ
2(α− 1) < 0, for α > 1,
√
6α(α− 1) λ ≤ 0
The point has negative eigenvalues for α > 1 and
√
6α(α− 1) λ ≤ 0. Thus, it is a stable point.
(2) x =
√
α
α−1 , y = 0. Then, we have following eigenvalues,
µ1 = −6− 3
α− 1 < 0, for α > 1,
µ2 =
−3−
√
6α(α− 1) λ
2(α− 1) < 0, for α > 1,
√
6α(α− 1) λ ≥ 0
The eigenvalues of this point show their negativity for α > 1 and
√
6α(α− 1) λ ≥ 0. Therefore, it is a
stable point.
(3) x = − λ√
6
, y = −
√
1 + λ
2
6 . In this case, the eigenvalues are given by,
µ1 = −3− λ2/2 < 0, for λ > 0,
µ2 = 3/(α− 1)− λ2 < 0, for α > 1, λ >
√
3/(α− 1)
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FIG. 1: The figure shows the phase space trajectories for point (3) of the coupling Q = αρ˙m. The stable fixed
point is an attractive node and corresponds to α = 5 and λ = 1. The black dot represents the stable attractor
point.
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FIG. 2: This figure represents the phase portrait, evolution of wφ and Ωφ of point (5) for Q = αρ˙m. This is an
unstable point and acts as a saddle point that is shown in the left panel for α = −0.3 and λ = 1.9. The middle
and right panels are plotted for different values of α. The solid, dashed, dot-dashed and dotted lines correspond
to α = −1,−2,−3 and −5, respectively. The values of λ below horizontal line are not allowed.
The point is stable under above given conditions.
(4) x = − λ√
6
, y =
√
1 + λ
2
6 . In this case, we get same eigenvalues as (3).
(5) x =
√
3
2
λ(1−α) , y = −
√
(α−1)αλ2− 3
2
λ(α−1) . In this case, the corresponding eigenvalues are,
µ1 = −1
4
(12 +
9
α− 1 − 2αλ
2 + δ1) < 0, for 12 +
9
α− 1 − 2αλ
2 + δ1 > 0,
µ2 = −1
4
(12 +
9
α− 1 − 2αλ
2 − δ1) < 0, for 12 + 9
α− 1 − 2αλ
2 − δ1 > 0,
where δ1 =
√
(α−1)λ2(216+(α−1)λ2(−63+4α(−54+36α−3(α−1)(4α−5)λ2+(α−1)2αλ4)))
λ2(α−1)2 . The point now is a saddle
point.
In this coupling, we are interested in Cases (3) and (5), as Case (3) is stable and has an accelerating
period, whereas Case (5) is a saddle point, and also has an accelerating period. For Case (3), we solve
the autonomous system (10) numerically for α = 5 and λ = 1, and the result is displayed in Fig. 1.
The stable point of Case (3) acts as an attractive node under the chosen parameters which is confirmed
by Fig. 1. Additionally, in this case we obtain Ωφ = 1 that corresponds to the case where dark
energy totally dominates. However, we find that Case (3) is a stable fixed point with a late accelerating
Universe (weff < −1/3), but it can not solve the coincidence problem as it has ΩDE = 1 rather than
ΩDE/ΩDM ≃ O(1). In Case (5), we evolve the system (10) numerically for α = −0.3 and λ = 1.9, and
5TABLE I: We display stationary points for the coupling Q = α ˙ρm. We also show the expressions of Ωφ, weff ,
wφ and the conditions to have an accelerating phase.
Point x y Stability Ωφ weff wφ =
weff
Ωφ
Acceleration
1 −
√
α
α−1 0 Stable for α > 1,
α
1−α
α
1−α 1 No√
6α(α− 1)λ ≤ 0
2
√
α
α−1 0 Stable for α > 1,
α
1−α
α
1−α 1 No√
6α(α− 1)λ ≥ 0
3,4 − λ√
6
∓
√
1 + λ
2
6
Stable for α > 1, 1 −1− λ2
3
−1− λ2
3
Yes
λ >
√
3
α−1
5
√
3/2
λ(1−α) −
√
(α−1)αλ2−3/2
λ(α−1) Saddle for
(α−1)αλ2−3
(α−1)2λ2
α
1−α −
(α−1)αλ2
(α−1)αλ2−3 Yes
12 + 9
α−1 − 2αλ2 > δ1
find that the nature of this point is a saddle point, which is shown at the left panel of Fig. 2. We also
find the cosmological observables Ωφ, weff and wφ. The middle and right panels of Fig. 2 show the
evolution of wφ and Ωφ versus λ. They also show for which range of λ (having different values of α) both
physical observables are allowed. The general properties of this coupling are summarized in Table I.
B. Coupling Q = βρ˙φ
For the coupling Q = βρ˙φ, equation (7) becomes,
φ¨
Hφ˙
= −3−
√
3/2
λy2
x
+
3β
1 + β
(11)
Therefore, equation (5) takes the form,
dx
dN
= x
(
−3−
√
3/2
λy2
x
+
3β
1 + β
− 3(x
2 + y2 − 1)
2
)
dy
dN
= −y
(√
3
2
λx+
3(x2 + y2 − 1)
2
)
(12)
For this coupling, we have the following stationary points:
(1) x = 0, y = 0. In this case, the corresponding eigenvalues are,
µ1 =
3
2
− 3
1 + β
< 0, for 0 < β < 1,
µ2 =
3
2
6As one of the eigenvalue is positive, the stationary point is unstable for any value of β.
(2) x = −
√
β−1
β+1 , y = 0. In this case, the eigenvalues are given as,
µ1 = −3 + 6
1 + β
< 0, for β < −1,
µ2 =
3
1 + β
+
√
3
2
− 3
1 + β
λ < 0, for − 2 ≤ β < −1 and 0 < λ ≤ 1,
The eigenvalues of this point show the negativity for −2 ≤ β < −1 and 0 < λ ≤ 1. Therefore, it is a
stable point.
(3) x =
√
β−1
β+1 , y = 0. In this case, the corresponding eigenvalues are,
µ1 = −3 + 6
1 + β
< 0, for β < −1,
µ2 =
3
1 + β
−
√
3
2
− 3
1 + β
λ < 0, for β < −1 and λ > 0,
It is stable point for above given conditions.
(4) x = 9−(1+β)
2λ4+δ2
2
√
6λ(1+β)(3+(1+β)λ2)
, y = −
√
6(1+β)2λ2−9+λ4(1+β)2−δ2
2
√
3(1+β)λ
. In this case, we have following
eigenvalues,
µ1 = −2δ
2
2 − 6(1 + β)δ2ǫλ2 + 2ǫ2(−9 + (1 + β)λ2(9 + 2(1 + β)λ2)) + ν
16(1 + β)2ǫ2λ2
< 0,
for 2δ22 + 2ǫ
2(−9 + (1 + β)λ2(9 + 2(1 + β)λ2)) + ν < 0,
µ2 = −2δ
2
2 − 6(1 + β)δ2ǫλ2 + 2ǫ2(−9 + (1 + β)λ2(9 + 2(1 + β)λ2))− ν
16(1 + β)2ǫ2λ2
< 0,
for 2δ22 + 2ǫ
2(−9 + (1 + β)λ2(9 + 2(1 + β)λ2))− ν < 0,
where,
δ2 =
√
(3 + (1 + β)λ2)2(9 + (1 + β)λ2(6 + λ2 + β(12 + λ2)))
ǫ = 3 + (1 + β)λ2
ν =
√ (
δ42 − 12(1 + β)λ2δ32ǫ− 6δ22ǫ2(3− 4(β − 6)(1 + β)λ2 + 3(1 + β)2λ4) + ǫ4(−9 + 12(1 + β)(2 + β)λ2
+ 5(1 + β)2λ4)2 + 4(1 + β)λ2δ2ǫ
3(−117 + (1 + β)λ2(24 + λ2 + β(60 + λ2)))))
The eigenvalues of this point show the negativity under above conditions. Hence, it is a stable point.
The Ωφ, weff and wφ are given as,
Ωφ = −9− (1 + β)
2λ4 +
√
δ2
2(1 + β)2λ2ǫ
(13)
weff = −9 + 18β + 6(1 + β)
2λ2 + (1 + β)2λ4 −√δ2
6(1 + β)ǫ
(14)
wφ =
−9− (1 + β)λ2(6 + (1 + β)λ2) +√γ
6ǫ
(15)
where,
γ = 81 + (1 + β)2λ2
(
108 + 18(3 + 4β)λ2 + 12(1 + β)2λ4 + (1 + β)2λ6
)
(16)
For this coupling, we pay particular attention on Cases (2) and (4). In case (2), we evolve the
autonomous system (12) numerically for the values β = −2 and λ = 1, and get Ωφ, weff and wφ. With
the chosen parameters, the point is stable and behaves as an attractive node (see Fig. 3), but there does
not exist an accelerating phase of the Universe, as the equation of state wφ for phantom field is always
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FIG. 3: The figure displays the phase space trajectories of Case (2) for Q = βρ˙φ. It is plotted for β = −2 and
λ = 1. The point is stable and behaves as an attractive node.
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FIG. 4: The left panel shows the phase portrait of Case (4) for Q = βρ˙φ, and corresponds to β = −2.5 and
λ = 1. The middle and right panels show the evolution of wφ and Ωφ versus λ for various values of β. The solid,
dashed, dot-dashed and dotted lines correspond to β = −0.5,−2,−3 and −5, respectively. The values of λ below
the horizontal line are not accepted. This is a stable point and acts as an attractive node.
positive. Therefore, it does not solve the coincidence problem. In Case (4), we elaborate the system for
β = −2.5 and λ = 1, and find that it is stable and acts as an attractive node. The phase portrait of this
stable point is shown in the left panel of Fig. 4, the middle and right panels of Fig. 4 show the evolution
of wφ and Ωφ. For this point, we consider two cases: (a) β = −2.5 and 1 ≤ λ < 1.5, in which case (4)
behaves as a stable point but does not give rise to an accelerating Universe as wφ is always positive.
(b) β = −2.5 and λ > 1.5, in which Case (4) acts as a saddle point and has an accelerating phase as
wφ < −1 (see Table II). Hence, it does not alleviate the coincidence problem. The results of the coupling
are summarized in Table II.
C. Coupling Q = σ(ρ˙m + ρ˙φ)
In this case, the coupling Q is a linear combination of ρ˙m and ρ˙φ. For this coupling, equation (7) can
be written as,
φ¨
Hφ˙
= −3−
√
3/2
λy2
x
− 3σΩm
2(1− σ)x2 +
3σ
1 + σ
, (17)
8TABLE II: We present stationary points and their stability for the coupling Q = βρ˙φ.
Point x y Stability Ωφ weff wφ =
weff
Ωφ
Accele-
ration
1 0 0 Saddle 0 0 Indeterminate No
2 −
√
β−1
β+1
0 Stable for −2 ≤ β < −1 1−β
1+β
1−β
1+β
1 No
and 0 < λ ≤ 1
3
√
β−1
β+1
0 Stable for β < −1 1−β
1+β
1−β
1+β
1 No
and λ > 0
4 9−(1+β)
2λ4+δ2
2
√
6λ(1+β)(3+(1+β)λ2)
−
√
6(1+β)2λ2−9+λ4(1+β)2−δ2
2
√
3(1+β)λ
− Eq.(13) Eq.(14) Eq.(15) −
(a) Stable for β = −2.5 Positive No
and 1 ≤ λ < 1.5
(b) Saddle for β = −2.5 < −1 Yes
and λ ≥ 1.5
Thus, the autonomous system (5) becomes,
dx
dN
= x
(
−3−
√
3/2
λy2
x
− 3σΩm
2(1− σ)x2 +
3σ
1 + σ
− 3(x
2 + y2 − 1)
2
)
dy
dN
= −y
(√
3
2
λx +
3(x2 + y2 − 1)
2
)
(18)
For this coupling, we have the following stationary points:
(1) x = −
√
1−σ+2σ2−
√
1+σ(σ+8σ3−6)√
2(σ2−1)
, y = 0. In this case, the corresponding eigenvalues are,
µ1 =
3
√
1 + σ(σ + 8σ3 − 6)
σ2 − 1 < 0, for σ
2 < 1,
µ2 =
1
8

6(σ − 3 +√1 + σ(σ + 8σ3 − 6))
σ2 − 1 + 4
√
3λ
√
1− σ + 2σ2 −
√
1 + σ(σ + 8σ3 − 6)
σ2 − 1

 > 0, for all σ.
As one of the eigenvalue is positive, the stationary point is a saddle for any value of σ.
(2) x =
√
1−σ+2σ2−
√
1+σ(σ+8σ3−6)√
2(σ2−1)
, y = 0. In this case, the eigenvalues are given as,
µ1 =
3
√
1 + σ(σ + 8σ3 − 6)
σ2 − 1 < 0, for σ
2 < 1,
µ2 =
1
8

6(σ − 3 +√1 + σ(σ + 8σ3 − 6))
σ2 − 1 − 4
√
3λ
√
1− σ + 2σ2 −
√
1 + σ(σ + 8σ3 − 6)
σ2 − 1

 > 0, for all σ.
9TABLE III: We show stationary points for the coupling Q = σ(ρ˙m + ρ˙φ).
Point x y Stability Ωφ weff wφ =
weff
Ωφ
Acceleration
1, 2 ∓
√
1−σ+2σ2−
√
1+σ(σ+8σ3−6)
√
2(σ2−1)
0 Saddle σ−1−2σ
2
2(σ2−1)
σ−1−2σ2
2(σ2−1) 1 No
+
√
1+σ(σ+8σ3−6)
2(σ2−1)
+
√
1+σ(σ+8σ3−6)
2(σ2−1)
3
√
1+σ(2σ−1)+
√
1+σ(σ+8σ3−6)
2(σ2−1) 0 Stable for
1+σ(2σ−1)
2(1−σ2)
1+σ(2σ−1)
2(1−σ2) 1 No
σ2 > 1, λ > 0
+
√
1+σ(σ+8σ3−6)
2(1−σ2)
+
√
1+σ(σ+8σ3−6)
2(1−σ2)
This is a saddle point.
(3) x =
√
1+σ(2σ−1)+
√
1+σ(σ+8σ3−6)
2(σ2−1) , y = 0. In this case, the eigenvalues take the form,
µ1 = −
3
√
1 + σ(σ + 8σ3 − 6)
σ2 − 1 < 0, for σ
2 > 1,
µ2 =
1
8

−6(3− σ +
√
1 + σ(σ + 8σ3 − 6))
σ2 − 1 − 4
√
3λ
√
1 + σ(2σ − 1) +
√
1 + σ(σ + 8σ3 − 6)
σ2 − 1

 < 0,
for σ2 > 1 and λ > 0.
The eigenvalues of the point show the negativity for σ2 > 1 and λ > 0. Therefore, it is a stable point.
For this coupling, the stationary point in Case (3) is stable for σ2 > 1 and λ > 0. We numerically
evolve the autonomous system (18) for the choices σ = 2 and λ = 1. The phase space trajectories of the
stable point is displayed in Fig. 5, and the point behaves as an attractive node. For this point we do not
find any accelerating solution as it has positive equation of state. Hence, it can not solve the coincidence
problem. The main results of this coupling are summarized in Table III.
In ref. [29], we studied the coupled quintessence with scaling potential for different forms of the
coupling and discussed phase space analysis. For all the models, we obtained late time accelerated
scaling attractor having ΩDE/ΩDM = O(1). Therefore all the models considered in the said reference
are viable to solve the coincidence problem. In the present paper, we perform same analysis with the
coupled phantom field and inspect whether the coincidence problem can be alleviated or not. In case
of coupling term Q = αρ˙m, the point (3) is a stable fixed point with an accelerating phase, but it can
not solve the coincidence problem as ΩDE = 1 (see Table I). In case of Q = βρ˙φ, we focus on points
(2) and (4), and notice that both are unable to solve the coincidence problem (see Table II). In case of
Q = σ(ρ˙m + ρ˙φ), the point (3) is stable with non-accelerating phase as equation of state is positive (see
Table III). Therefore, in the interacting phantom field models, coincidence problem can not be solved.
Similar results were discussed in ref. [45].
IV. COUPLED TACHYON DYNAMICS
Tachyon acts as a source of dark energy, depending on the shape of the potentials [28]. We consider
that dark energy and dark matter are interacting to each other, but the total energy density is conserved.
The conservation equations for both components are written as,
ρ˙m + 3H(ρm + pm) = Q,
ρ˙φ + 3H(ρφ + pφ) = −Q, (19)
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FIG. 5: The figure represents the evolution of the phase space trajectories of Case (3) for Q = σ(ρ˙m + ρ˙φ), and
is plotted for σ = 2 and λ = 1. The stable point acts as an attractive node, and the black dot designates a stable
attractor point.
where,
ρφ =
V (φ)√
1− φ˙2
, pφ = −V (φ)
√
1− φ˙2 (20)
Then, the evolution equations take the form,
H2 =
κ2
3

 V (φ)√
1− φ˙2
+ ρm

 , (21)
φ¨
1− φ˙2 + 3Hφ˙+
V ′(φ)
V (φ)
= −
Q
√
1− φ˙2
φ˙V (φ)
(22)
where a prime and a dot denote derivative with respect to field and cosmic time, respectively.
Let us define the following dimensionless parameters
x = φ˙, y =
κ
√
V√
3H
, Ωm =
κ2ρm
3H2
, λ = − V
′
κV
√
V
(23)
Then, we obtain the autonomous system,
dx
dN
=
φ¨
Hφ˙
x
dy
dN
= −
√
3
2
y2λx − y
(
H˙
H2
)
(24)
Here we take inverse square potential for which λ is constant. Also, we consider the coupling Q = βρ˙φ
only. For this coupling we have following equations,
H˙
H2
=
3
(
y2
√
1− x2 − 1)
2
, (25)
φ¨
Hφ˙
= −3 (1− x2)+√3λy
(
1− x2)
x
+
3β
(
1− x2)
1 + β
, (26)
The equation of state for the tachyon field is given as,
weff = −1− 2H˙
3H2
, (27)
wφ =
weff − wmΩm
1− Ωm , (28)
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FIG. 6: The figure shows the phase space trajectories for the coupled tachyon field. The stable fixed point is an
attractive node and corresponds to β = 0.9 and λ = 1. The black dot represents the stable attractor point.
where wm = 0 for standard dust matter. Setting the left hand sides of the autonomous system (24) to
zero, we obtain the following stationary points:
(1) x = 0, y = 0. In this case, the corresponding eigenvalues are,
µ1 = − 3
1 + β
< 0, for 0 < β < 1,
µ2 =
3
2
,
As one of the eigenvalue is positive, the stationary point is a saddle.
(2) x = ±1, y = ±
√
3
λ . In this case, the metric is in-determinant.
(3) x = − 1
3
√
6
(1+β)λ
√(
((−81(2× 21/3δ2/33 + 18(18 + δ5)) + 22/3δ1/33 (18 + δ5)) + 9(1 + β)2(243β2(18 + 22/3δ1/34 )
+12β(486 + 27× 22/3δ1/34 − 21/3δ2/34 ) + 135× 22/3δ1/34 − 8× 21/3δ2/34 + 18(153 + δ5))λ4
−2(1 + β)4(243 + 2187β2 − 81β(−18 + 22/3δ1/34 )− 54× 22/3δ1/34 + 21/3δ2/34 )λ8 + 2(1 + β)6
(−90− 162β + 22/3δ1/34 )λ12 − 4(1 + β)8λ16/
((1 + β)2λ2(−81(18 + δ5) + 243(1 + β)2(5 + 3β(4 + 3β))λ4 + 54(1 + β)4(2 + 3β)λ8 + 2(1 + β)6λ12)))
)
y = − 1
3
√
2
√(
((−81(324 + 18× 22/3δ1/33 + 2× 21/3δ2/33 + 18δ5 + 22/3δ1/33 δ5) + 9(1 + β)2(2754 + 243β2
(18 + 22/3δ
1/3
4 ) + 12β(486 + 27× 22/3δ1/34 − 21/3δ2/34 ) + 135× 22/3δ1/34 − 8× 21/3δ2/34 + 18δ5)λ4 − 2(1 + β)4
(243 + 2187β2 − 81β(−18 + 22/3δ1/34 )− 54× 22/3δ1/34 + 21/3δ2/34 )λ8
+2(1 + β)6(−90− 162β + 22/3δ1/34 )λ12 − 4(1 + β)8λ16)/
((1 + β)2λ2(−81(18 + δ5) + 243(1 + β)2(5 + 3β(4 + 3β))λ4 + 54(1 + β)4(2 + 3β)λ8 + 2(1 + β)6λ12)))
)
For this point, we get following eigenvalues,
µ1 =
−η2
2
+ 3β
(−η2
6
+
√
η6
)
+
η4
( η3
18
+ 2
√
η6
)
6η5
− 3√η6 − η8 − 1
3
(1 + β)2
√
η2
√
η6
√
η7λ
2
4(1 + β)
√
η6
< 0
for β 6= −1 and 3β
(−η2
6
+
√
η6
)
+
η4
( η3
18
+ 2
√
η6
)
6η5
< 0
12
µ2 =
η10
2
+ 3β
(η10
6
+
√
η6
)
+
η4
( η3
18
+ 2
√
η6
)
6η5
− 3√η6 + η8 −
(1 + β)2
√
η2
√
3− η4
18η5
√
η7λ
2
3
√
3
4(1 + β)
√
η6
< 0
for β 6= −1 and η10
2
+ 3β
(η10
6
+
√
η6
)
+
η4
( η3
18
+ 2
√
η6
)
6η5
+ η8 < 0
where,
δ3 = −243(1 + β)2 (5 + 3β(4 + 3β)) λ4 − 54(1 + β)4(2 + 3β)λ8 − 2(1 + β)6λ12 + 81(18 + δ5)
δ4 = 1458− 243(1 + β)2(5 + 3β(4 + 3β))λ4 − 54(1 + β)4(2 + 3β)λ8 − 2(1 + β)6λ12 + 81δ5
δ5 =
√
3(1 + β)4λ4 (−324 + 9(1 + β)2(−1 + 9β(2 + 3β))λ4 + 4β(1 + β)4λ8)
η1 = (−81(324+18× 22/3δ1/33 +2× 21/3δ2/33 +18δ5+22/3δ1/33 δ5)+9(1+β)2(2754+243β2(18+22/3δ1/34 )
+ 12β(486 + 27× 22/3δ1/34 − 21/3δ2/34 ) + 135× 22/3δ1/34 − 8× 21/3δ2/34 + 18δ5)λ4 − 2(1 + β)4
(243+2187β2−81β(−18+22/3δ1/34 )−54×22/3δ1/34 +21/3δ2/34 )λ8+2(1+β)6(−90−162β+22/3δ1/34 )λ12
− 4(1 + β)8λ16
η2 =
η1
(1 + β)2λ2(−81(18 + δ5) + 243(1 + β)2(5 + 3β(4 + 3β))λ4 + 54(1 + β)4(2 + 3β)λ8 + 2(1 + β)6λ12)
η3 =
η1
(1 + β)λ2(−81(18 + δ5) + 243(1 + β)2(5 + 3β(4 + 3β))λ4 + 54(1 + β)4(2 + 3β)λ8 + 2(1 + β)6λ12)
η4 = (−81(2× 21/3δ2/33 + 18(18 + δ5) + 22/3δ1/33 (18 + δ5)) + 9(1 + β)2(243β2(18 + 22/3δ1/34 ) +
12β(486 + 27× 22/3δ1/34 − 21/3δ2/34 ) + 135× 22/3δ1/34 − 8× 21/3δ2/34 + 18(153 + δ5))λ4 − 2(1 + β)4
(243+2187β2−81β(−18+22/3δ1/34 )−54×22/3δ1/34 +21/3δ2/34 λ8+2(1+β)6(−90−162β+22/3δ1/34 )λ12
− 4(1 + β)8λ16)
η5 = −81(18 + δ5) + 243(1 + β)2(5 + 3β(4 + 3β))λ4 + 54(1 + β)4(2 + 3β)λ8 + 2(1 + β)6λ12
η6 = 1− η4
54η5
η7 =
η4
(1 + β)2η5λ2
η8 =
√
3
√(
η6
(
3(3 + β)2 +
η23
12
+
η24
27η25
− 2
9
(1 + β)2
√
η2
(
−3− β + η3
√
η6
18
)√
η7λ
2 − 2
81
(1 + β)4
√
η2η
3/2
7 λ
4
− 1
9
η3(27
√
η6 + 9β
√
η6 + 4(1 + β)λ
2 +
η4(−12(3 + β) + 1
18
η3(36
√
η6 − η1
2(1 + β)η5λ2
+ 4(1 + β)λ2))
18η5
)


η9 = 81(324+18× 22/3δ1/33 +2× 21/3δ2/33 +18δ5+22/3δ1/33 δ5)− 9(1+β)2(2754+243β2(18+22/3δ1/34 )+
12β(486+27×22/3δ1/34 −21/3δ2/34 )+135×22/3δ1/34 −8×21/3δ2/34 +18δ5)λ4+2(1+β)4(243+2187β2−
81β(−18+22/3δ1/34 )−54×22/3δ1/34 +21/3δ2/34 )λ8−2(1+β)6(−90−162β+22/3δ1/34 )λ12+4(1+β)8λ16
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η10 =
η9
(1 + β)2η5λ2
In the case of a tachyon field, we consider only the coupling Q = βρ˙φ. The point (3) shows the
negativity of the eigenvalues under given conditions. Hence, it is a stable point. The phase portrait is
shown in Fig. 6.
V. CONCLUSIONS
We investigated the interaction of a phantom field with a dark matter component in a spatially flat
FLRW Universe. The choices of the coupling Q in the conservation equations were phenomenological
and heuristic as there is no fundamental theory of coupling strength in the dark sector was involved.
We examined three different couplings, and studied the corresponding dynamical behavior and phase
space. We paid attention on the stable point which could give rise to an accelerating phase. For all
the three different couplings, we found Ωφ, weff and wφ. Our primary goal was to see if there exist
late time scaling attractor with an accelerating phase and having the property ΩDE/ΩDM ≃ O(1). For
the coupling Q = α ˙ρm, we focused on Cases (3) and (5). In both cases the stationary points have an
accelerating phase, but one of the stationary point is stable and the other is a saddle point. In case
(3) the point is stable for α > 1 and λ >
√
3/(α− 1), and behaves as an attractive node. In this case,
we obtained a stable fixed point with an accelerating Universe (weff < −1/3), however it corresponds
to the case where dark energy completely dominates, as now we have Ωφ = 1. Therefore, it does not
solve the coincidence problem. The results are shown in Fig. 1 and Fig. 2. In the case of the coupling
Q = βρ˙φ, we concentrated on Cases (2) and (4), and in both cases the points are stable but possessing
non-accelerating phases as now wφ is always positive (see Table II). In the case (4), we considered two
sets of the parameters as β = −2.5, 1 ≤ λ < 1.5 and β = −2.5, λ > 1.5. In the first set, the point in
Case (4) behaves as a stable point and give rise to a non-accelerating Universe (wφ always positive). In
the second set, it acts as a saddle point and has an accelerating Universe (wφ < −1). Thus, it can not
solve coincidence problem either. The phase portrait, evolution of wφ and Ωφ are displayed in Figs. 3
and 4. For the linear combination of the coupling Q = σ(ρ˙m + ρ˙φ), we noticed that the stationary point
in Case (3) is stable for σ2 > 1 and λ > 0, but could not give rise to an accelerating Universe as the
equation of state is always positive. The phase portrait for this case is shown in Fig. 5, and it acts as
an attractive node.
For all the couplings considered here, our analysis showed that the coincidence problem cannot be
alleviated in the coupled phantom field models. Similar results were also shown in [45] for different
couplings.
We also studied the dynamical behavior and stabilities for the coupled tachyon field with the coupling
Q = βρ˙φ. In this case, the eigenvalues of the stationary point in Case (3) are negative. Therefore, it is
a stable point.
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Appendix
For the sake of simplicity, we investigate the system of two first order differential equations, but it can
be carried to a system of any number of equations. We study the following coupled differential equations
for the variables x(t) and y(t) as
x˙ = f(x, y, t) (29)
y˙ = g(x, y, t) (30)
where f and g are the functions of x, y and t. If the functions f and g do not have explicit time-
dependence then above equations are said to be an autonomous system. The dynamical analysis of the
autonomous system can be investigated as following.
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We can find the fixed or critical points by putting the left-hand-side of the autonomous system to zero.
In other words, a point (xc, yc) is said to be a critical point when it satisfies the following condition,
f(x, y)
∣∣∣
(xc,yc)
= 0 (31)
g(x, y)
∣∣∣
(xc,yc)
= 0 (32)
The point (xc, yc) would behave as an attractor when it meets the following condition,(
x(t), y(t)
)
−→ (xc, yc) for t −→ ∞ (33)
Next, we shall discuss the stability around the critical point. For this, we consider small perturbations
δx and δy near the critical point as
x = xc + δx (34)
y = yc + δy (35)
On putting equations (34) and (35) into equations (29) and (30), we get first order differential equations,
d
dN
(
δx
δy
)
=M
(
δx
δy
)
where N = ln(a) and matrix M depends upon critical point (xc, yc), and is written as
M =
(
∂f
∂x
∂f
∂y
∂g
∂x
∂g
∂y
)
(x=xc,y=yc)
It contains two eigenvalues µ1, µ2, and the general solution for δx and δy is given as
δx = k1e
µ1N + k2e
µ2N (36)
δy = k3e
µ1N + k4e
µ2N (37)
where k1, k2, k3 and k4 are integration constants. Thus the sign of the eigenvalues tell us the stability
of the fixed points. Usually, the following classifications is used [25, 37]:
(a) µ1 < 0 and µ2 < 0 −→ Stable node
(b) µ1 > 0 and µ2 > 0 −→ Unstable node
(c) µ1 < 0 and µ2 > 0 or (µ1 > 0 and µ2 < 0) −→ Saddle point
(d) The real parts of µ1 and µ2 are negative and the determinant of matrix M is negative −→ Stable
spiral.
In case of (a) and (d), the fixed point is an attractor whereas in case of (b) and (c), it is not.
[1] P. A. R. Ade et al. [Planck Collaboration], A&A 594, A13 (2016); A&A 571, A16 (2014) [arXiv:1303.5076]
[astro-ph.CO].
[2] S. Perlmutter et al., Measurements of Omega and Lambda from 42 High-Redshift Supernovae, Astrophys.
J. 517, 565 (1999).
[3] A. G. Riess et al. [Supernova Search Team Collaboration], Observational Evidence from Supernovae for an
Accelerating Universe and a Cosmological Constant, Astron. J. 116 (1998) 1009;
[4] D.N. Spergel et al, 2003 Astrophys. J. Suppl. 148 175 [arXiv:astro-ph/0302209]
[5] E. Komatsu et al., Seven-YearWilkinson Microwave Anisotropy Probe (WMAP) Observations: Cosmological
Interpretation, ApJS, 192, 18 (2011).
[6] E. J. Copeland, M. Sami and S. Tsujikawa, Dynamics of dark energy, Int. J. Mod. Phys. D 15, 1753
(2006)[hep-th/0603057]; V. Sahni and A. A. Starobinsky, The Case for a Positive Cosmological Lambda-
term, Int. J. Mod. Phys. D 9, 373 (2000); M. Sami, A primer on problems and prospects of dark energy,
Curr. Sci. 97, 887 (2009) [arXiv:0904.3445]; M. Sami, R. Myrzakulov, Late time cosmic acceleration: ABCD
of dark energy and modified theories of gravity [arXiv:1309.4188].
[7] K. Tomita, Astrophys. J. 529 38(2000); Mon. Not. Roy. Astron. Soc. 326 287(2001); H. Iguchi, T. Nakamura
and K. I. Nakao, Prog. Theor. Phys. 108 809(2002); S. Rasanen, J. Cosmol. Astropart. Phys. 0402 003(2004);
E. W. Kolb, S. Matarrese, A. Notari and A. Riotto, Phys. Rev. D 71 023524(2005); E. W. Kolb, S. Matarrese
and A. Riotto, New J. Phys. 8 322(2006); C. M. Hirata and U. Seljak, Phys. Rev. D 72 83501(2005); A.
Ishibashi and R. M. Wald, Class. Quant. Grav. 23 235(2006); M. Kasai, H. Asada and T. Funtamase, Prog.
Theor. Phys. 115 827(2006).
15
[8] S. Weinberg, Rev. Mod. Phys. 61, 1 (1989); S. M. Carroll, Living Rev. Rel. 4, 1 (2001) [astro-ph/0004075];
P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559 (2003) [astro-ph/0207347]; T. Padmanabhan, Phys.
Rept. 380, 235 (2003) [hep-th/0212290].
[9] B. Ratra and P.J.E. Peebels, 1988 Phys. Rev. D. 37 3406
[10] R.R. Caldwell, M. Kamionkowski and N. N. Weinberg, 2003 Phys. Rev. Lett. 91 071301 [arXiv:astro-
ph/0302506] M.R. Setare, 2007 Eur. Phys. J. C 50 991.
[11] M. Sami, M. Shahalam, M. Skugoreva, A. Toporensky, Phys. Rev. D 86, 103532 (2012) [arXiv:1207.6691];
R. Myrzakulov, M. Shahalam, J. Cosmol. Astropart. Phys. 10 (2013) 047 [arXiv:1303.0194]; R. Myrzakulov,
M. Shahalam, Light mass galileon and late time acceleration of the universe, [arXiv:1407.7798].
[12] M. Shahalam, S. Sami, A. Agarwal, Om diagnostic applied to scalar field models and slowing down of cosmic
acceleration, Mon.Not.Roy.Astron.Soc. 448: 2948 - 2959 (2015), [arXiv:1501.04047].
[13] M. M. Verma, S. D. Pathak, The BICEP2 data and a single Higgs-like interacting tachyon field, Int. J. Mod.
Phys. D 23, 1450075 (2014), arXiv:1312.1175
[14] C. Wetterich, Nucl. Phys. B 302, 668 (1988); A. R. Liddle and R. J. Scherrer, Phys. Rev. D 59, 023509
(1998); I. Zlatev, L. M. Wang and P. J. Steinhardt, Phys. Rev. Lett. 82, 896 (1999); Z. K. Guo, N. Ohta
and Y. Z. Zhang, Mod. Phys. Lett. A 22, 883 (2007).
[15] R. R. Caldwell, Phys. Lett. B 545, 23 (2002); S. Nojiri and S. D. Odintsov, Phys. Lett. B 562, 147 (2003);
V. K. Onemli and R. P. Woodard, Phys. Rev. D 70, 107301 (2004) [arXiv:gr-qc/0406098]; E. N. Saridakis,
[arXiv:0811.1333 [hep-th]].
[16] B. Boisseau, G. Esposito-Farese, D. Polarski and A. A. Starobinsky, Phys. Rev. Lett. 85, 2236 (2000);
S. Nojiri, S. D. Odintsov and M. Sasaki, Phys. Rev. D 71, 123509 (2005); M. z. Li, B. Feng and X. m. Zhang,
JCAP 0512, 002 (2005); S. Nojiri and S. D. Odintsov, Phys. Rev. D 72, 023003 (2005); S. Sur and S. Das,
JCAP 0901, 007 (2009); K. Bamba, C. Q. Geng, S. Nojiri and S. D. Odintsov, arXiv:0810.4296 [hep-th].
[17] C. Armendariz-Picon, V. F. Mukhanov and P. J. Steinhardt, Phys. Rev. D 63, 103510 (2001) [arXiv:astro-
ph/0006373].
[18] S. Ray, M.Yu.Khlopov, P. P. Ghosh and Utpal Mukhopadhyay, Int. J. Theor. Phys., 50, 939 (2011).
arXiv:0711.0686 [gr-qc].
[19] I.G.Dymnikova, M.Yu.Khlopov, Mod. Phys. Lett. A 15, 2305 (2000). arXiv:astro-ph/0102094;
I.G.Dymnikova, M.Yu.Khlopov, Eur. Phys. J. C 20, 139(2001).
[20] A.G.Doroshkevich, M.Yu.Khlopov, Sov.J.Nucl.Phys. 39, 551 (1984); A.G.Doroshkevich, M.Yu.Khlopov Mon.
Not. Roy. astr. Soc. 211, 279 (1984); A.G.Doroshkevich, M.Yu.Khlopov, Sov. Astronomy Lett. 11, 236
(1985); A.G.Doroshkevich, A.A.Klypin, M.Yu.Khlopov, Sov. Astron.32, 127 (1988); A.G.Doroshkevich,
M.Yu.Khlopov, A.A.Klypin Mon.Not.Roy.astr.soc. 239, 923 (1989).
[21] Jibitesh Dutta, Wompherdeiki Khyllep, Nicola Tamanini, Phys.Rev. D93 (2016) no.6, 063004
[22] M.D. Pollock, Phys. Lett. B 215 635 (1988); D.F. Torres, Phys. Rev. D 66 043522(2002).
[23] C. Wetterich, Jun. (1988) Nucl. Phys. B 302, 668696; C. Wetterich, Sep. (1995) Astron. Astrophys. 301, 321;
Amendola L, 2000 Phys. Rev. D 62 043511 [SPIRES] [astro-ph/9908023].
[24] Guo Z K and Zhang Y Z, 2005 Phys. Rev. D 71 023501 [SPIRES] [astro-ph/0411524] Zhang X M, 2004
Preprint hep-ph/0410292 Cai R G and Wang A, 2004 Preprint hep-th/0411025 Guo Z K, Cai R G and Zhang
Y Z, 2004 Preprint astro-ph/0412624 Bi X J, Feng B, Li H and Zhang X M, 2004 Preprint hep-ph/0412002
Zimdahl W, 2005 Preprint gr-qc/0505056 Zimdahl W et al , 2001 Phys. Lett. B 521 133 [SPIRES] Nojiri S,
Odintsov S D and Tsujikawa S, 2005 Preprint hep-th/0501025.
[25] E. J. Copeland, A. R. Liddle and D. Wands, 1998 Phys. Rev. D 57 4686 [SPIRES] [gr-qc/9711068]; I. Percival
and D. Richards, Introduction to dynamics, Cambridge University Press (1999).
[26] A. Sen, JHEP 0204, 048 (2002); JHEP 0207, 065 (2002).
[27] G. W. Gibbons, Phys. Lett. B 537, 1 (2002).
[28] T. Padmanabhan, Phys. Rev. D 66, 021301 (2002); J. S. Bagla, H. K. Jassal and T. Padmanabhan, Phys.
Rev. D 67, 063504 (2003); L. R. W. Abramo and F. Finelli, Phys. Lett. B 575 165 (2003); J. M. Aguirregabiria
and R. Lazkoz, Phys. Rev. D 69, 123502 (2004); Z. K. Guo and Y. Z. Zhang, JCAP 0408, 010 (2004); E. J.
Copeland, M. R. Garousi, M. Sami and S. Tsujikawa, Phys. Rev. D 71, 043003 (2005).
[29] M. Shahalam, S. D. Pathak, M. M. Verma, M. Yu. Khlopov, R. Myrzakulov, Eur. Phys. J. C (2015) 75:395.
[30] C. G. Bo¨hmer, G. Caldera-Cabral, R. Lazkoz and R. Maartens, Phys. Rev. D 78, 023505 (2008).
[31] R. Cen, Astrophys. J. 546, L77 (2001) [arXiv:astro-ph/0005206]; M. Oguri, K. Takahashi, H. Ohno and
K. Kotake, Astrophys. J. 597, 645 (2003).
[32] K. A. Malik, D. Wands and C. Ungarelli, Phys. Rev. D 67, 063516 (2003).
[33] H. Ziaeepour, Phys. Rev. D 69, 063512 (2004).
[34] M. Szydlowski, T. Stachowiak and R. Wojtak, Phys. Rev. D 73, 063516 (2006).
[35] M. Szydlowski, Phys. Lett. B 632 (2006) 1-5.
[36] B. Wang, Y. G. Gong, E. Abdalla, Phys. Lett. B 624, 141(2005).
[37] Burin Gumjudpai, Tapan Naskar, M. Sami, Shinji Tsujikawa, JCAP 0506:007 (2005), arXiv:hep-th/0502191.
[38] S. D. Campo, R. Herrera, D. Pavon, IJMP D Vol.20, 4 561(2011), arxiv:astro-ph/1103.5492v1.
[39] H. Wei and R. G. Cai, Phys. Rev. D 71, 043504(2005). arxiv:hep-th/0412045.
[40] H. Wei and S. N. Zhang, Phys. Lett. B 644, 7(2007). arxiv:astro-ph/0609597.
[41] Xi-ming Chen, Yungui Gong: Phys. Lett. B 675, (2009) 9-13, arXiv:0811.1698
[42] Christian G. Bohmer, Gabriela Caldera-Cabral, Ruth Lazkoz and Roy Maartens, PRD 78, 023505 (2008),
arXiv:0801.1565.
16
[43] Christian G. Bohmer, N. Tamanini, M. Wright, arXiv:1501.06540; Christian G. Bohmer, N. Tamanini, M.
Wright, arXiv:1502.04030.
[44] B. Wang, E. Abdalla, F. Atrio-Barandela, D. Pavon, Rept.Prog.Phys. 79 (2016) no.9, 096901; Shuang Wang,
Yi Wang, Miao Li [arXiv:1612.00345] [astro-ph.CO]; Behnaz Fazlpour, Gen.Rel.Grav. 48 (2016) no.12, 159;
Jibitesh Dutta, Wompherdeiki Khyllep, Erickson Syiemlieh, Eur.Phys.J.Plus 131 (2016) no.2, 33; J. Sadeghi,
M. Khurshudyan, A. Movsisyan, H. Farahani, Int.J.Mod.Phys. D25 (2016) no.14, 1650108.
[45] Xi-ming Chen, Yungui Gonga and Emmanuel N. Saridakis, JCAP04(2009)001, arxiv:0812.1117.
